SOME REMARKS ON ABSOLUTELY SUMMING MULTILINEAR 

OPERATORS 

A. THIAGO BERNARDINO AND DANIEL PELLEGRINO 

Abstract. This short note has a twofold purpose: 

(i) to solve the question that motivates a recent paper of D. Popa on multilinear variants 
of Pictsch's composition theorem for absolutely summing operators. More precisely, we 
remark that there is a natural perfect extension of Pictsch's composition theorem to the 
multilinear and polynomial settings. This fact was overlooked in the aforementioned paper; 

(ii) to investigate extensions of some results of the aforementioned paper for particular 
situations, mainly by exploring cotype properties of the spaces involved. 

When dealing with (ii) we also prove an useful, albeit simple, result of independent 
interest (which is a consequence of recent arguments used in a recent paper of O. Blasco 
et at). The result asserts that if X\ has cotype 2 and 1 < p < s < 2, then every 
absolutely (s; s, t, i)-summing multilinear operator from X\ x • • • x X n to Z is absolutely 
(p;p, i, i)-summing, for all t > 1 and all X2, X n , Z . In particular, under the same 
hypotheses, every absolutely (s; s, s)-summing multilinear operator from X\ x ■ • • x X n 
to Z is absolutely (p;p, ...,p)-summing. A similar result holds when X\ has cotype greater 
than 2 (and obviously, mutatis mutandis, when X\ is replaced by Xj with j 7^ 1). These 
results generalize previous results of H. Junek et ai, G. Botelho et al. and D. Popa. 

In the last section we show that a straightforward argument solves partially another 
problem from the aforementioned paper of D. Popa. 



1. Introduction 

In this note the letters Xi, X n , X, Y, Z will always denote Banach spaces over K = K 
or C and X* represents the topological dual of X. 

The concept of absolutely p-summing linear operators is due to A. Pietsch [32] . If 1 < 
q < p < 00, we say that a continuous linear operator u : X — > Y is absolutely (p; q)- 
summing if (u(s j ))Jli e £ P {Y) whenever {xj)f =1 e £%{X), where £%(X) := {{xj)f =l C X : 

suP^e-Bx* Ej \f( x j)\ q < °°}- 

The class of absolutely (p; g)-summing linear operators from X to Y will be represented 
by U p q (X; Y) and by II p (X; Y) if p = q. From now on the space of all continuous n-linear 
operators from X 1 x ■ ■ ■ x X n to Y will be denoted by C(X±, X n ; Y). 

If < p, qi, q n < 00 and i < ^ + ■ ■ ■ + a multilinear operator T G C(Xi, X n ; Y") 

is absolutely (p; qi, g n )-summing if (T^- 1 , a:^- ))jLi G ^p(^) for every (xj fe ' ) )°^ 1 G 
^ fe (X fc ),/c = l,..,n. In this case we write T G n^. ^ X n ; Y). If 9l = • ■ ■ = 

g n = g, we sometimes write Up. q (Xi, X n ;Y) instead of q (Xi,...,X n ;Y) and if 

qi = ■ ■ ■ = q n = q = P we simply write n™ {X\, X n ; Y) instead of 11^ (Xi, X n ; Y) . In 
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the special case in which p = q/n this class has special properties and the operators in IT];, 
are called g-dominated operators. Here we will use the notation 8™ = Wq_. . 

Finally, we recall the class of multiple (p; g)-summing multilinear operators. If 1 < 
q < p < oo, a multilinear operator T G C{X\, X n ; Y) is multiple (p; g)-summing if 
(T(xf^...,x^))^ dn=1 G £ P (Y) for every (xf ] )f =1 G Z% k (X k ),k = l,...,n. In this case we 
write T G IT* (X u X n , Y) or 11* (X h X n ; Y) if p = q. 

For details on the linear theory of absolutely summing operators we refer to the classical 
monograph [17] and for recent developments we refer to [9j [121 1221 [231 EZ] and references 
therein; for the multilinear theory we refer, for example, to [131 [301 El] and references 
therein. 

One important result of the linear theory of absolutely summing linear operators is 
Pietsch's composition theorem: 

If p, q G (1, oo) and r G [1, oo) are such that £ = - + ~, then 

(1.1) ILjoILpC ru- 
in a recent paper [36] this result is investigated in the context of multilinear mappings. The 
first question faced in [36] was to decide what should be the natural class of absolutely p- 
summing n-linear mappings such that the analogous result would hold in the multilinear 
setting. More precisely the following problem summarize mathematically the motivation of 
the paper [36] (see [361 Section 1]): 

Problem 1.1. Ifp,q G (1, oo) and r G [1, oo) are such that £ = - + ~, does the inclusion 

(1.2) n,o^ c i; 

always hold for all natural numbers n and some natural n-linear extension (I^)°° =1 of 

(n s )r=i? 

In [36] it is shown that the inclusion (II. 2ft is far from being true for the class of dominated 
n-linear mappings, i.e., = 8™ and X" = <5™. So the author decided to investigate the case 
X™ = 8p and I" = II™, i.e., the following question was considered: 

Problem 1.2. Let p,q G (1, oo) and r G [1, oo) be such that - = - + -. For what natural 
numbers n the inclusion 

u q o s; c 

is true? 

Among other interesting results, in [361 Theorem 4 and Corollary 19] it is proved that 
the above inclusion is valid for all n and r e [1,2] : 

Theorem 1.3. ($o\)Let p,q G (1, oo) and r G [1, 2] be such that \ = 1 + ±. Then 

(1.3) n ? o^cnp 

for all natural numbers n. 

In view of Theorem 11.31 the following problem is posed [36] (in the last section we use a 
very simple remark to solve this problem for all n > -): 
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Problem 1.4. Let p,g G (1, oo) and r £ (2, oo) be such that 1 = ^ + -. For what natural 
numbers n the inclusion Tl q o 5™ C II" is true ? 

We believe that by considering different classes (p-dominated and absolutely r-summing 
n-linear operators), the Problem 11.21 becomes a little bit far from the original motivation 
(11. ip . But, of course, Problem 11.21 has its intrinsic mathematical interest and a complete 
solution seems to be far from being simple. 

It is worth mentioning that the class II" (although this class had been broadly explored 
by several authors and also offers interesting challenging problems) is usually not considered 
as a completely adequate extension of IL,, since several of the linear properties of n r are 
not lifted to IT" (this kind of fault of the class II" - and its polynomial version - was 
discussed in some recent papers (see, for example, [35j P a g e 167] and [HI [ISl [28])). Using 
the terminology of jT4] it can be said that the ideal of absolutely r-summing n-homogeneous 
polynomials (associated to II") is not compatible with the linear operator ideal IL-. For 
details on operator ideals we refer to the classical monograph [33] and [18] . 

The case r = 1 of Theorem 11.31 ( [361 Theorem 4]) deserves some special attention. Con- 
trary to the case n — 1, for n > 2, in many cases, i.e., for several Banach spaces X±, ...,X n , Y, 
the space n"(X l5 ...,X n ; Y) coincides with the whole space of continuous multilinear oper- 
ators C(Xi, ...,X n ; Y) and Theorem II .31 (with r = 1) becomes useless. For example: 

• For all Banach spaces X\, ...,X n the folkloric Defant-Voigt Theorem asserts that 

(1.4) n?(Xi, ...,X n ; K) = C(X h ...,X n ; K). 

• ( [3] ) If each Xj is a Banach space with cotype qj for every j and 1 < ^- + ■ • ■ + — , 
then 

(1.5) nj(X!, ...,X n ; Y) = C(X 1} X n - Y) 

for every Banach space Y. 

It must be said that the paper [3B] also presents several interesting variants of Theorem 
11.31 (including the case r = 1), replacing, for example, II" by Il" r for some values of t,r 
(depending on n, in general). 

This short note has two main goals. The first goal is to present the precise ideal T£ that 
solves completely Problem 11.11 Our second goal is to look for stronger variants of Theorem 
II. 3[ specially under certain special cotype assumptions. For example (using a completely 
different approach from the one in [36]), we show that when Xj has cotype 2 for some j 
and Y has cotype 2 then the inclusion 

U q (Y, Z) o 5 p "(X l7 X n , Y) C n?(Xi, X n , Z) 
from Theorem 11.31 (with - + ^ = 1 and r £ [1,2]) can be replaced by 

U q (Y- Z) O U p>1 ^(*l> -> Y ) C n " X n\ Z) 

for all q £ [1, oo), all r £ [1, 2] and all Banach spaces X\, ...Xj-i, Xj + i, ...,X n ,Z. 
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In the last section we give a simple partial answer to Problem 11.41 by showing that the 
inclusion holds whenever n > - fin fact we do not need that - + - = -. This fact is 

— r v p q r 

apparently overlooked in |36j). 

2. The solution to Problem 11.11 

The ideal of absolutely p-summing linear operators has various possible generalizations to 
multi-ideals: absolutely p-summing multilinear operators ([HUB]), p-dominated multilinear 
operators ([3J [TBI ED]), strongly p-summing multilinear operators ([H]), strongly fully 
p-summing multilinear operators ([5]), multiple p-summing multilinear operators ( [231 1ST] ), 
absolutely p-summing multilinear operators by the method of linearization ([!]), p-semi- 
integral multilinear operators (p3]) and the composition ideal generated by the ideal of 
absolutely p-summing linear operators ( pjj] ) . 

Each of these classes has its own properties and shares part of the spirit of the linear 
concept of absolutely p-summing operators. The richness of the multilinear theory of abso- 
lutely summing operators and multiplicity of different possible approaches has attracted the 
attention of several mathematicians in the last two decades. One of the beautiful features 
is that no one of these classes shares all the desired properties of the ideal of absolutely p- 
summing linear operators and depending on the properties that one looks for, the "natural" 
class to be considered changes. However, it seems to be clear that the most popular classes 
until now are the ideals of p-dominated multilinear operators and multiple p-summing mul- 
tilinear operators (but the classes that seem to be closest to the essence of the linear ideal 
are, in our opinion, the classes of strongly p-summing multilinear operators and strongly 
fully (also called strongly multiple) p-summing multilinear operators). For a recent survey 
on this subject we refer to [25] . 

In this section we remark that the composition ideal generated by the absolutely p- 
summing multilinear operators is precisely the class that completely answers Problem 11.11 

If X is an operator ideal it is always possible to consider the class 

C? := {u o A : A £ C n and u £ 1} , 

where C n denotes the class of all continuous n-linear operators between Banach spaces. So, 
for Banach spaces X±, ...,X n , Y, Z, an n-linear operator T : X% x • • • x X n — > Y belongs to 
Cx(Xi, X n ; Y) if and only if there are a Banach space Z, a map A £ C(Xi, X n ; Z) 
and v £ X(Z; Y) so that 

T(xi, ...,£„) = v (A(xi, ... ,£„)). 

It is well known that Cj is an ideal of n-linear mappings (for details see [10]). The case 
where X — Hi was investigated in [10], where it was shown that this class lifts, to the 
multilinear setting, various important features of the linear ideal, such as a Dvoretzky- 
Rogers theorem, a Grothendieck theorem and a Lindenstrauss-Pelczyhski theorem (three 
important cornerstones of the linear theory of absolutely summing operators). The solution 
to Problem 11.11 is now quite simple and the proof is a straightforward consequence of 
Pietsch's composition theorem for absolutely summing linear operators: 
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Proposition 2.1. If ' p,q G (1, oo) and r G [1, oo) are such that ~ = ~ + then 

U q o Cl v C Cl r 

for all natural number n. 

Remark 2.2. It is worth mentioning that the polynomial version of the multi-ideal (Cj)^ =1 
(which we denote by {CVx)^ = i) a ^ so s °^ ves the polynomial version of Problem \l.l[ Moreover, 
the polynomial ideal (CPx)^li ^ s a coherent sequence and compatible with X (see [Tl] ). 
reinforcing that the composition method is an adequate method for generalizing the ideal of 
absolutely summing operators. 

3. Some remarks related to Problem 11.21 

Although the very simple solution to Problem 11.11 we do think that Problem 11.21 is 
interesting and now we investigate how the results from [SH] can be improved in certain 
special situations. In view of the intuitive "small size" (in general) of the class 5™ (see 
[6j [7J [11] for details that justify this intuition), in this section we look for results of the type 

for q,r,s G [1, oo), i.e., for stronger results than those proposed in the Problem 11.21 More 
precisely, for fixed Banach spaces X±, X n , Y, Z with certain properties we try to find 
t, I, r, s so that 

U t]l (Y; Z) o M (Xl, ...,X n , Y) C n^(X 1; X n , Z). 

In view of the important effect that cotype properties play in the theory of absolutely 
summing operators (see for example [5], [121 123, [38] ), in the next section we, in some sense, 
complement the results of [3S] by exploring the cotype of the Banach spaces involved. 

If Y = K the following result gives an important and useful estimate for the "size" of the 
set of all p-dominated scalar-valued multilinear operators: 

Theorem 3.1 (Floret, Matos (1995) and Perez-Garcfa (2002)). IfX 1 ,...,X n are Banach 
spaces then 

U p>i ^(X 1; X n - X) C Ii:' l:2 2 (.V,. ...,X n ; X). 

More precisely this result is due to Floret-Matos [20] for the complex case and due to D. 
Perez-Garcia [29] for the general case. It is worth mentioning that, besides not explicitly 
mentioned, this result seems to be essentially re-proved in [36] . 

The following result is an application of the previous theorem: 

Proposition 3.2. If X 1 , X n , Y, Z are Banach spaces, then 

n s;1 (y; Z) o U p> A"( X i> -> X - Y ) C n (k...,2)(*i, X n ; Z). 

for all s > 1. 
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Proof. Let T G n (s;1) (Y,Z) and R E \J 5;(X U X n - Y). Consider {xf)f =1 E t% (X k ) 
for all k — 1, n. If ip E Y* from Theorem 13.11 we have 

if o r e \J p j;{x u ...,x n] k) c n^.^pf!, x„ ; x). 

Hence 

We thus conclude that (R(xf\ ^ E If (Y) and so 

(T (i2(a: i w ,..., a ;J B) )))^ i Gi 5 (Z), 

because T G II s;1 (Y, Z). □ 

When Xi = • ■ • = X n are spaces we have a quite stronger result: 
Proposition 3.3. IfY, Z are Banach spaces and X\ — • • • — X n are spaces, then 

n (s;r) (Y; Z) o C{X U ...,X n] Y) C U r ^ 2r _ 2r) (X u ...,X n ; Z) 
for all s > r > 1. 

Proof. Let T G n (a;r) (Y, Z) and i? G C{X U ...,X n ; Y). Consider {xf ] )f =l E (X k ) for all 
k = 1, ...,n. If (f E Y* we have (from [5J Theorem 3.15]) 

(p ° R E C(X 1 , X n ; K) = n^^*!, X n - K). 

Hence 

and thus ...,x^)j E £™ (Y) . Since T E II( s;r )(Y, Z), we conclude that 

{T{R{xf,...M^))Y j=i eL{Z). 

□ 

4. Exploring the cotype of the spaces involved 

In this section we will need, as auxiliary results, some inclusions involving cotype and ab- 
solutely summing multilinear operators. The following results can be found in [2H Theorem 
3 and Remark 2] and Theorem 3.8], by using complex interpolation, and [351 Corollary 
4.6]: 

Theorem 4.1 (Inclusion Theorem). Let Xi,...,X n be Banach spaces with cotype s and 
n > 2 be a positive integer: 
(i) If s = 2, then 

Hq;q\Xl, X n ) Y) C Ilp. p (X 1 , ...,X n ] Y) 

holds true for 1 < p < q < 2. 
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(ii) If s > 2, then 

Hq;q(Xi, X n ) Y) C II p;p (Xi, X n ; Y) 
holds true for l<p<q<s*<2. 

As we will see in the next results, a far-reaching version (of independent interest) of this 
theorem is valid. This result uses arguments from [2] and, in essence is contained in [2]: 

Theorem 4.2. If Xi has cotype 2 and 1 < p < s < 2, then 

^is;s,t,...,t)(Xi, • X n ; Z) C n^p. Pjt) _ )f )(Xi, X„; Z) 

for all X 2 , ...,X n ,Z and all t > 1. In particular 

(4.i) n™ s . s> ^(Xi, x n ; z) c n" p . pSi ... >S ){Xi, x n ; z) c n" p . PiPi p) (Xi, X n ; Z). 

Proof. Since Xi has cotype 2, then, using results from [2j, we have 



'-r<- s (Xi 



for 



1 1 _ 1 

r s p 



Let (4% =1 G and (x»)^ =1 G CM for z 
(a fc )r =1 G 4 and t G 4 for all k. If A G 11^, r 

i/p 



(f:jA(xf\...,x 



(n) 



/ oo 

E 



= 2, n. So 
(Xl, ...,X n ; Z), then 

i/p 



ctfcl/fc, with 



.r 



(oo 



(2) 



(n) 



1/r 



V* 



E ^(%-,« 



(2) An) 
j '■■■■>- L j 



< OO 



and the proof is done. 



□ 



Remark 4.3. Note that using the inclusion theorem for absolutely summing multilinear 
operators and Theorem \4-£\ we conclude that, in fact, 

n(s ;S) ... )S )(Xi, X n ; Z) = H n p . ps ^(X 1 , X n ; Z) 

under the hypotheses of Theorem \4-^\ 

A similar result holds for spaces with cotype greater than 2: 

Theorem 4.4. If Xi has cotype s > 2 and 1 < p < q < s*, then 

n™g;g ) t I ... lt )(Xl, ...,X n )Z) C Kfapj ,...,*) (Xl , . . . , X n ] Z) 

for all X 2 , ...,X n ,Z and all t > 1. In particular 

nf g;? ,..., g )(Xi, X„; Z) C n^,. P)5j . )5 )(Xi, ...,X re ; Z) C n™ p;pPi p )(Xi,...,X n ;Z). 
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Proof. Since Xx has cotype s, then 
whenever 1 < p < q < s* with 

1 1 _ 1 

r q p 

and the proof follows the lines of the proof of Theorem 14.21 □ 

Remark 4.5. Obviously, Theorems \4-2\ and 4-4 have an analogous version when some Xj 
(instead of necessarily X\) has cotype 2. 

The following result can be found in [3TJ Theorem 3.10]: 
Proposition 4.6 (Perez-Garci'a and Villanueva, 2003). IfY has cotype finite cotype s, then 

{J >1 < ^p(-^i) •••> X n ; Y) C n^" 2 *'" 2 )(Xi, X n \ Y) C n™ a . 2)>> i)2 )(Xi, X n ; Z) 
for all Banach spaces Xx, X n , Z. 

In particular, the previous result shows that 

£(Y; Z) o |J p> A n(Xl ' Xn] Y) C n ^;2,..,2)(^i> ■•■> *n! Z) 

for all Banach spaces Xx, X n , Z and Y with finite cotype s. 

We will focus our attention in the case s = 2 of Proposition 14.61 It is well-known that if 
Xx, X n , Y have cotype 2, then 

Ur lt ' n (X u ... J X n ,Y) = U^ n (X u ...,X n ;Y) 

for every 1 < r < 2. Hence 

Corollary 4.7. //Xx, X n , Y have cotype 2, then 

U q (Y; Z) o I) S;(X U X n ; Y) C Ur tt ' n (X u X n ; Y) 

for all q G [1, oo), 1 < r < 2 and all Banach space Z . 

Under the assumptions of Proposition 14.61 in general IT"(Xx, ...,X n ; Z) is not contained 
in 1T2 (Xx, X n ; Z). The map T : £ 2 x £2 — > £1 given by T(x,y) = (xji/j)'?L 1 belongs to 
n? (£2, but not to Il| (£ 2 , £2; 4) • In fact Theorem (and Remark S3]), in particular, 

assures that if some Xj has cotype 2, then 

n(2;2,2,...,2)(^i> X n ; Z) C n^. pPi ... iP )(Xx, X n ; Z) 
for all 1 < p < 2. So we have: 

Corollary 4.8. If Xj has cotype 2 for some j and Y has cotype 2 then 

U q (Y; Z) o U p>1 <( X i> Y ) c n "P^ 

for all q G [1, 00), all r G [1,2] and all Banach spaces Xx, Xj_x, Xj +1 , X n , Z. 
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Hence Corollary 14.81 is quite stronger from Theorem 11.31 for this special case where Xj 
has cotype 2 for some j and Y has cotype 2. 

Now we explore some consequences of Proposition 13.21 Note that if Y and Z have cotype 
2, for example, it is well-known that Hi(Y,Z) = U q (Y, Z) for all 1 < q < oo (see [XTf 
Corollary 11.16]) and we get: 

Corollary 4.9. If Y and Z have cotype 2, then 

U g (Y; Z) o U p>1 5 P (Xl ' ~> Xn > Y) C n (U...,2)(*i> X - Z ) C n (2;2,...,2)(^i, -,X n] Z) 
for all g G [1, oo) and a// Banach spaces X%, ...,X n . 

Also, using [TTJ Corollary 11.16] and Proposition 13.21 we have: 
Corollary 4.10. IfY has cotype 2, then 

n,(F; Z) o U p>i 5£ (Xl, X n - Y) C U^ 2 _ 2) (X U ...,X n ; Z) C ^...^(Xx, X n] Z) 
for all q G [1,2] and a// Banach spaces X±, X n , Z. 

5. A PARTIAL SOLUTION TO PROBLEM 11.41 

In this last section we present some very simple but apparently useful and overlooked 
remarks on Problem 11.41 It is easy to see that 

(5.1) -<r<j9^5"cn^. 

n F 

We thus have: 

Proposition 5.1. Let p, q, r 6 (1, oo) be such that r < p. Then the inclusion 

(5.2) u q o s; c ir; 

is valid for all n > -. 

So, a fortiori, we have a partial answer to Problem 11.41 (note that we do not actually 
need the hypothesis - + - = -): 

Corollary 5.2. Let p,q,r G (l,oo) be such that - = - + -. Then the inclusion 

(5.3) u q o 5; c 

is valid for all n > 2. 
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